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Rational Expressions
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Section 1
Introduction

Rational Expressions

Rational expressions are expressions written as ratios. When we write
ratios with integers, (numbers such as 1, 2, or 25), we call them fractions.
The ratio of 1 to 4 is written

1:4 or —

Rational expressions are also fractions, except that they can contain both
numbers and unknowns. For example:

The ratio of 3to x is %

5
Theratioof x+5 to ¥ —7x+2 is 2L

X =7x+2
X+ 2x

7

The ratio of x*+2x to 7 is

We work with rational expressions in essentially the same way as we
work with fractions; in some sections of this chapter we will briefly review
common fractions before expanding the discussion to more complex ra-
tional expressions.

Fractions

You will recall that the fraction % can be pictured in several different ways:
1
* 3 of 3

e 3 partsoutof5

e The height of a rectangle made with an area of 3 units arranged so
it is 5 units wide.
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3 parts out of 5

3/5

We have also represented fractions as smaller rectangles within unit rectan-

gles, such as

77%7 2/8 4>‘

3/4

Of course, fractions need not be limited to ratios which are less than one

whole unit. The fraction 74 can be illustrated as:

— 312 —

— 312 —

Section1: Introduction

—of3

The height of a rectangle

L]

made with an area of 3 units,
arranged so it is 5 units wide.

1
E of 7
7 parts where each unit has 2 parts

The width of a rectangle made
2 units high using 7 units
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Fractions Containing Unknowns

@ Picturing fractions which contain unknowns is no more difficult than pic-

turing common fractions. For example, %3 can be pictured as

T The height of a rectangle
1 made 3 units wide using
3 of x or X units

-

- 1/3 x

a4 n
S — —

But the third picture, where we show x parts when each unit has 3 parts, is
harder to draw. We can suggest a new method for representing this case:

x parts when a
unit is 3 parts

Here, the circled denominator represents the size of one unit. We can see
what this representation means by substituting some particular values for
the unknown (x), and then grouping them into the units shown in the
denominator.

1 .
— — unit

3

7 parts when a e >2 units

m——

21/3

4

or 2 % groups of 3 -
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2 parts when a

L]

unit is 3 parts

T 203 (E—)

‘oo cOome

3 parts when a

D D unit is 3 parts I:I:DIﬂ

The denominator (bottom pieces) forms a rectangle which stands for one
unit; we then use the top pieces to make as many of these unit rectangles as
we can, with any left over part (remainder) still being written as a fraction.

If we don’t know the value of x, we can sometimes represent the fraction
using more than one picture, but the value of the result will still be a fraction
containing an unknown.

1/3 X

When we have unknowns in the denominator, our new representation will
still work, but alternative pictures are sometimes harder to visualize:

x+1

This expression represents 2 chips spread out into a rectangle whichis x + 1
units wide.
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0 Exercises

@ Draw a picture to represent each of the following rational expres-

sions:
4
1. B
3
2. 7
5
3. 1
12
4. 5
X
5. 5
X
6. >
2x
7. 3
3x
8. >
x+3
9. 1
x+1
10. 3
11. 2
X
12. 3
xX+2
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Section 2
Simplifying Rational Expressions

Simplifying

Consider the last expression from the previous section:

2
x+1

This expression cannot be simplified without knowing the value of x.
However, the following expression can easily be simplified:

2x +2
x+1

== —0o1

This expression simplifies to 2, because the pieces in the numerator combine
to make exactly two unit rectangles (denominators).

Collapsing, Reducing, and Canceling

Let’s look at some more rational expressions. What if we begin with

xX+3
x+1

What can we do with this expression? Here we separate our original expres-
sion into the sum of two fractions: one where the numerator matches the
denominator (thus reducing to one), and the second which has the left-over
pieces (remainder) over the same denominator:
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2 s | ood

= | &
: E—

(x+1D+(@2) | L]

- —

2 \ 0 [

An expression such as

X
xX+2

can be simplified in the following way:

x+2-2 | |DD

2
2t | | | ]

X ) -9 | | ] [ 1]
= —+
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Here we have used the idea of adding equal numbers of positive and

negative chips to the numerator (top) so that we can complete one unit. O]

Some further examples of this technique follow:

_ _TT]

|

I I | A1

C—o CFEHEn COo

I

|

T

D

@*

In all of these examples, when the numerator (top) of the fraction matches
the denominator (bottom) of the same fraction along one dimension, then
the fraction reduces to being just a whole number. This is equivalent to both
the top and bottom of the fraction collapsing along their direction of com-
mon length. In the symbolic language of algebra, it is the same as dividing

out (canceling) like factors from the top and bottom of the fraction.

Collapses to

c—mo ©
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x+2__1+ -3
xX+5 xX+5
xX+3 5
=1+
x—2 xX—2
2x+3 3
=2+
xX+3 xX+3
Cancels to

2x+6  2(x+3) 2
x+3  1(x+3) 1
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0 This only works when one dimension of the top and bottom of the fraction

are exactly the same.

Cancels Collapses
to

3x+9  3x+3) 3 _
x+3  1x+3) 1

[T 1]

Cancels Collapses
to

2x-4  2x-2) 2 = —
3x-6  3x=2) 3 D

This process of collapsing, or reducing, works because fractions (rational
expressions) compare the pieces on top of the fraction to the pieces on the
bottom of the fraction. If the top and bottom rectangles have the same
length, then the ratio (fraction) of their sizes is the same as the ratio (fraction)
of their heights. Collapsing (reducing) is the same as just comparing the
heights of the rectangles.

If, when adjusting the top of a fraction (by adding equal numbers of
positive and negative chips), there are some pieces left over which do not
match the length of the bottom of the fraction, these pieces are the remain-
der. They must be left on top of the original denominator, as shown in the
next two examples:

x+3__x+1+2

el ad | [T | — T [T
- = = ==
x*1+x+1
b . LL]
o o [T
N
x+1
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(E——) (E——) 2-3 _2w+2-5

x+1  x+1

- - 20x+1) -5

—D D xe1 Txel

Numerators and Denominators with x?

Consider the following rational expression:

I Y40

— x> +5x+6

Can we simplify this expression? First we must see if the denominator can
be made into a rectangle (factored); this can be done in the following way:

[ TT]
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The top and bottom of the expression have the same length, so we can
collapse (reduce) both the top and bottom:

Collapses to

a1 Y
+2 1@+ 1
P 4+5x+6 (x+3)x+2) x+3

(x + 2 cancels)

This is our reduced result. Here is another example:

C+2x-8  (x-2x+d) x-2
x+4 0 1x+4 1

When the denominator reduces to one chip, standing for one unit, we don’t
have to write the denominator because the ratio of any quantity to one is
exactly that quantity. In other words, any quantity divided by one is un-
changed.
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Here is a third problem of this type:

L]

Emn

—

X +3x+2 _ (@ + D) _ x+1
X*-x-6 (x+2)(x—-23) x-3

This can be converted further as follows:

| IIH:F\ | ||||+Bﬂ

| 1] 1

[ 1]
= +

P

0 -
+
© 3

When to Stop

The two expressions derived for the last problem are equivalent:
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Which is the better way to write the answer?

One method is to stop reducing an expression before we are left with a
remainder, at the last step when the expression can be written as a single
fraction:

x+1
x—3

Answer #1:

But this answer is also correct:

Answer #2: 1+
x-3

We often stop with answer #1 because this expression, having only one
fraction, is easier to work with than answer #2, which has two different
terms. To illustrate the these results, we will reduce the following examples:

i
== E3 o

rx-6 (x+3)Hx-2) x-2
x+3  1x+3) 1

Example 1:

=0

=x-2
— ]
3x+12 3(x+4) 3

2%+ 7x—4  (2x-1)(x+4) 2x-1

Example 2:
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Example 3: 0

X+3x-10 (x-2x+5)  x+5
¥-3x+2  (@-2x-1)  x-1

We will stop here, although 1+ is also correct.

X —

When There are No Common Factors

If the numerator and denominator of a rational expression have no common
factors, then we can factor both the numerator and the denominator as
much as possible and leave them in factored form without reducing.

For example:

i

@ 3x-6 3x-2)
Pr6x+8  (x+2)(x+4)

Exercises

Reduce:
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2x—6

1.
x—3
5 x+5
3x+15
3, 3x+6
2x +4
4 X —4x
3x
xX+3
5.
3x+9
6. 232c+18
X"+ 9x

Reduce to an expression with a remainder (add and subtract

equal amounts if necessary):

xX+5
7.

x+2

x—-3
8.

x—1
9 xX+2
T x+5
10. 2x+3

2x -5
11. 3x-5

x—3
12, 2x+ 6

xX+2

Factor. Reduce if possible:

2
13, 2967%
X +x—-6
2
14, 3;+3x+2
x —3x-10
3x—-12
15. =
X +b5x+6
2
16. X" +6x+5
3x+3
2% —x-6
1y, Z X6
x =7x+10
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3x

18.
x> —7x

¥ +x-12

3x* +5x -2
25 — 3x

25> +7x - 15

19.

20.

1 4 134y

17&253

-17 253 15
8 3 17 = 17

- 6 8
15

(17 - 141%47) = (17 - 14) + (17 - 1347)

17 -1%47) = 15

Ol |—= Wi ik O|—= =
W |01 0| OO 0|1 =

NI+ N
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@ Section 3

Division Using Chips

Division with Numbers

If we have a fraction containing whole numbers, with the numerator larger

x> +3x+5
x+4

] [T117 |

than the denominator we know that we can treat the fraction as a division
problem; we divide the bottom number into the top number to get a
simplified answer. For example, consider the fraction 2>%7. We can simplify
this fraction by doing long division:

C (1111

Once we have done this long division, we can check our result by multiply-
ing the divisor (17) times the answer (14 %17), to see if we get the original
numerator (253).

x2+4x+(—x)+5

x+4 | (T
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Here is the check:

L]

(E—)

| [TTT] | [TTT]

+

x(x+4) -x+5

1x+4) | x+4

(O) u (1111 |

-x+5
x+4

— =

Division with Unknowns

-x—4+9
x+4

X+

There is a similar process for reducing rational expressions. If the numerator

- D(x+4) N 9
1(x +4) x+4

| T | [TTL]
1
+ — +
(O [ EEEE]
+ O +

of a rational expression is of the same or higher order than the denominator,

Section 3: Division Using Chips

+— +
S x+4

+-1+
* x+4
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we can reduce the rational expression through a process of long division.
The method is similar to what we have done already in section 1 of this
chapter.

For example:

¥ +3x+5
x+4

We need to arrange the terms of the numerator so that they are in groups
which share the dimension of length with the denominator. We can do this,
you will recall, by adding equal numbers of positive and negative pieces
until we get terms which will work. Begin with the x* and the x terms of the
numerator.

These first two terms can make a rectangle having the length of the denom-
inator (x + 4) if we add a +x and a -x, and group the +x’s with the x” pieces.

This gives:

Now that the first two terms of the numerator share the same length as the
denominator, we separate the expression into two fractions. The first frac-
tion reduces (collapses) as shown:

To repeat the process, we add plus and minus units to the second fraction’s
numerator, making another fraction which reduces:

x>+ dx N -1x+5
x+4 x+4

x(r+4) -lr+b
1x+4) x+4

The numerator of the final fraction has no x-bars, so it cannot match the
length of the denominator. This is the remainder; it remains a fraction and
cannot be reduced. We now have two terms and a small fraction remainder.
Let’s follow through the steps of the long division process.
X’ +3x+5

x+4

We look at the first terms of the numerator and denominator. The numerator
has an x°, which is x times the first term (x) of the denominator. We build a
rectangle with one dimension as the length of the denominator (x + 4), and
the other dimension of x (which gives us the x*), making the rectangle

@Xx+4)=x3+4x

We add a +x and a -x to the numerator, giving us x° + 4x :

476 Chapter 14: RATIONAL EXPRESSIONS



x> +4x—1x+5
x+4

The first two terms have one factor (one dimension) which matches the
denominator, so we split the expression into two fractions. We then factor
and reduce the first fraction:

The first terms of both the numerator and denominator of the second
fraction contain an x. On the top, (-x) is (-1) times x; in order to have a factor
of (x + 4) in the numerator we will need a numerator having the terms
“1(x + 4) which is -x — 4. To get this we add a -4 and a +4 to the numerator,
and split off a second fraction which will reduce, leaving a remainder.

x_+—x+5__x+—x—4+4+5
x+4 x+4

C1)@x+4) 9
Dx+4)  x+4

9
x+4

=x+(C1D+

This is our answer.
To summarize:

(x +4) goes into (x* + 3x +5), x+-1+ times.
(We will show how this process is the same as regular numerical long
division later in this section.)

To get a feel for what we have done, let’s check our results for a specific
value of x, to show that our solution gives the correct answer. If we choose
x =3, then we can substitute this value for x into the original expression and
into our answer to see if the results are the same. Our result says

x+4 X +4

Substituting x = 3, we get the following;:

*+3x+5 (3’ +3(3)+5
x+4 3+4
9+9+5
7
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L] _ 23

= 3% <~
x+—1+x+4 = 3—1+3J9r4
:2+%
= 2+1%
=35 <«

We have confirmed that our long division process was correct. When x is 3,

Is (x +4) times x+ -1+ 1 equal to (x2 + 3x + 5)?

X +
(x+4)(x+1+x9+4] - (x+4)(x+—1)+(7T4).(£4)

= X +-x+4x — 4 + 9
= X’ +3x—-4+9
= X +3x+5
we get the same value for the original expression and for the expression

after long division.
Now you try it for a different value of x. Does it work every time? How

N

x> +5x -3
x—2

about when x is negative? Let x = -2:
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X+3x+5  (2°+3(2)+5

x+4 -2)+4
4-6+5
+2

L]

X>—2x+7x—3
x—2

[l
N |
[l
o
N | =

Section 3: Division Using Chips

ﬂﬁ<@+7x—3
1x=2) «x-2
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(E—)

7x-3-11+11

X+
x—2

7x—-2) 11

Ta—2) Tx-2

480
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Jr

[]|:III£D

Jr
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2x* —5
x+3

2x* + 6x — 6x -5

xX+3

H:'_‘

Hq_‘
FH_‘
=l

Section 3: Division Using Chips

2x°+6x -6x-5
+

x+3 xX+3

2x(x+3) -6x—-5
x+3) | x+3

-6x—-5
xX+3
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-6x—-5-13+13

2x +
x+3

—6x——18_Jr 13
xX+3 xX+3

-6(x+3) 13

2
T a+3) x+3

13
X+3

=2x+-6+

482

9
-1 =-2-1
* +x+4 +-2+4
9
=3+§
1
=3+4E
B
+
+ +
==
1
215(—
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One more way to check the results of this long division is to multiply the
divisor (x + 4) times the answer to see if we get the original dividend:
So the solution works for any value of x.

Let’s do another example. Use long division to reduce the following
rational expression:

First, we need to make a rectangle in the numerator which uses the x*, and
which has length (x - 2), the length of the denominator. This will require

x(x-2)= x*—2x

Since the numerator doesn’t have any negative x-bars, we must add -2x and
+2x to the numerator. Then we break off the first two terms into a separate
fraction which can reduce:

In the remaining fraction, we wish to make a rectangle (x - 2) in length, while
using the 7 x-bars in the numerator. For the numerator, this will require

7(x-2)=7x-14

Since we have 7x — 3, we must add a -11 and a +11 to the numerator:
The result is

C+5c-3 o 1
x—-2 x—2

A third and final example will show how this method even fills in for
missing terms in the numerator. Consider this expression:

We need a rectangle 2x by (x + 3), or 2x” + 6x. So we add +6x and -6x to the
numerator:

This breaks into two fractions, the first of which reduces:

The numerator of the second fraction will now need a rectangle which is
(x + 3) long, and -6 high, or

“6(x +3)=-6x-18

This requires adding -13 and *+13 to the numerator, and then breaking it into
two fractions. The first fraction will reduce, and the other fraction is the
remainder.

The result is:

2x* — 5 13
x+3 xX+3

Exercises

Use chips or drawings to complete the following reductions by

long division:
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¥ +6x—4

xX+2
2
5 x"=bx+3
x+1
2
3 2x"+3x -6
x—-3
L 3x*-5
x+1
2
-4
5. X X
x—2

Beginning with the given fraction,

Place the numerator under the division sign, and
the denominator in front as the divisor.

Now look at how many times the 17 goes into
the 25 and write the first partial answer (1)
above the division bar:

2%¢% +6x -5
x—2

Next multiply the first partial answer (the 1) times
the 17 and write the answer (also 17) below the 25.

To find out what remains, subtract the bottom
17 from the 25, giving 8, and bring down the 3:

253
17

17) 253

17) 253

17) 253
-17
8 3
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17 253
-17

83

/14

17 253
-17
83
- 68
15
X —5x+1
x+3
141547
17| 253
-17
83
- 68
15
2% —x
x+5

L]

(E—)

Now look at the divisor (17) and at the 83, and decide how
many times 17 can go into 83. (The answer is 4.) Place this
second partial answer above the division bar as shown.

Multiply the second partial answer (the 4) times the 17, and
put the result (68) under the 83. Subtract the 68 from the 83,

leaving 15.

Finally, since 17 will not divide into 15, this is our
remainder, which is written as the fraction 1%47.
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(E—)

Begin with the given rational expression, and
place the numerator under the division bar, with

the denominator in front as the divisor.

Now look at the first term of both expressions,
(the x and the x*) and decide how many times
x will go into x* ? Write the answer (x) on top of
the division bar.

Next multiply this first partial answer (the
top x) times (x + 4), and put the result (* + 4x)

below the x* + 3x.

To find out what will remain, we must subtract
the x* + 4x from the ¥ + 3x. (The easiest way to
do this is to change the signs on both bottom
terms, the x> and the 4x, and then add the results
to the columns above them as shown.) Bring

down the +5.

Now look at the first term of the divisor (x + 4)
and the -1x + 5 and decide what must multiply
the x to give ~1x. The required multiplier is -1,
which is written above the division bar.

Multiply this second partial answer (the -1)
times the divisor (x + 4) and write the result
under the “1x + 5:

x> +3x+5
x+4

x+4> X +3x+ 5

X

@ﬁ@+ 3x + 5

7x
X+4)<|-3X+5
\x2+4x
X
x+4) X* +3x + 5
X + -4x ‘
0+ -1x+ 5
change signs
and add
X = 1
@+ 4) x> +3x + 5
X + -4x
\ @+5
J_—x =1
x+4> X +3x + 5
X + -4x
-Ix + 5
Ix — 4
/
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o ()
x+4> X +3x + 5

2

To find out how much remains, subtract the -x —4 from

% 4+ -4y the -1x + 5. (Again this is done by changing the signs
_ on both terms of the -x — 4, making them +x + 4, and
change signs Ix + 5 adding the result to the columns above.)
and add — x + 4
0 + 9

5 The 9 which is left is the remainder, and it is written as
the numerator of a fraction having the divisor (x + 4)
as the denominator. This fraction is added on to the
answetr.

x+4> x> + 3x +

X% + -4y

“1x + 5
X + 4

N+ 4)

nd

Jivision

x*>+5x+3
x—2

Rewrite as a division

X

x—2> x> +5x + 3

Look at first terms and put the par-
tial answer up. Multiply through.

2
x° - 2x

Short-Cut Method of Long Division

We will now look at the regular long division of numbers. Our purpose is
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(E—) NS

Change signs and add. Bring - X+ 2x
down the third term. 0 +7x _ 3
X + 7
Look at the first terms and x — 2 ) Y +5x + 3
write the second partial an-
swer. Multiply through. X+ 2
+ 7x — 3
+ 7x — 14
X+ 7
2
X — 2) X+ 5x + 3
Change signs and add. x2 4 Ox
/x — 3
7x + 14
0 + 11
X+ 7 + 11/x—2
X — 2> ¥+ 5x + 3
Form a fraction from the -+ 2y
remainder.
/x — 3
7x + 14
0 +11/(x—2)

to discover how to do the same type of long division with rational expres-
sions:
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222 -5

xX+3

Rewrite as a division problem; put a column
in for x’s by writing the dividend 2x* + Ox - 5

X +3) 2 +0x— 5

2x
X + 3 ) 2% + Ox - 5 Look at the fiFst terms and write a first partial
answer. Multiply through.
2% + 6x
2x
5 Change the signs and add. Bring down the
X+ 3> 2x" + O0x =5 third term.
2x% + -6x
0 + 6x -5
2x - 6
x+3) 27 + Ox -5 - -
Look at the first terms and write a second
2% + -6x partial answer. Multiply through.
“6x — 5

-6x —18
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(] SR
x+3) 2% + 0x - 5
2x% + -6x
6x - 5
Change signs and add. Form the +6x + 18
remainder into a fraction.
0 + 13/x+3

Dividing Rational Expressions

The long division method for rational expressions is nearly identical with
that for numbers as shown above. We will illustrate using our first example
from the last section. As you work through the problems, refer back to the
pictures of the method we developed earlier for dividing rational expres-
sions so you can see where the steps come from.

Example 1:
X’ +3x+5
x+4
The final result is:
:f+3x+5__x 14 9
x+4 x+4

Now we will work through this method for the other two examples.
Example 2:

The final answer:

x2+5x—3__x+7+ 11
x—2 x-—2
Example 3:
The final answer:
2x* -5 3
=2x—-6+
xX+3 * xX+3
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Exercises

Reduce the following by the long division method:

L ¥ +3x-5
) x-2

5 2%% —3x -1
) x+3

2

3 X +7x+2
) x+1

A 3x*+5
) x—4

5 X = 2x
) x+2

6 5x% + 7x — 11
) x—5

. ¥ -2x+5
) x-3

8 2% — 3x
) xX+5

9 ¥ —3x-2
) x+1

10 3% +2x + 1

) x+4

Section 4: Long Division
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Section 9
Multiplication

Multiplying Fractions

To understand how multiplication works with rational expressions, we
need to briefly review multiplication of common fractions. You will remem-
ber (from Chapter 4) that when we multiply two fractions

U1l w
NN

the denominators multiply (5 - 7) to give the total number of pieces needed
to make one whole unit; and the numerators multiply 2 - 3 to tell us how
many of these pieces we have.

o

In this example the result is 645, Or six thirty-fifth’s of one whole unit.
Using our new form of representation this result can also be shown as:
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If we had chosen to multiply the fractions 3 - % our result would have
looked like this:

o
|

We can see the result is 15 chips out of 35, but the arrangement of the chips
can be changed to show how this result can be reduced. 15 out of 35 can also
be arranged like this:

We see 3 shaded columns out of a total of 7 columns, for a reduced result
of 3%.

In the new representation, this reduction is easily seen, since the rectan-
gles of the numerator and the denominator are the same length in one
dimension, which means that they can reduce (collapse), also giving %.
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We could have reduced even before we multiplied:

3 5

5 7

Since the numerator of each fraction in the multiplication will be one
dimension of the final numerator rectangle, and the denominator of each
fraction will be one dimension of the final denominator rectangle, the 5 in
the second fraction’s numerator will reduce (cancel) with the 5 in the first
fraction’s denominator.

collapse

i o
[TT T

collapse

mun u
)
EEE

Numerically, we would write this result as

ol w

ENTRSY
[
Q1w

3,
1

U] w
| o1
N -

(You might wish to review the multiplication and reduction of fractions
from Chapter 4 before going on.)
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Multiplying Rational Expressions L1

We are now ready to consider the multiplication of two rational expressions @

having unknowns. Let’s begin with an uncomplicated example:

. 3 x+5

| ) (C mun] ¥+2 x+3

B)-(x+5  3x+15
r (x+2) - (x+3)  x*+5x+6

L

Since none of the dimensions of the numerator and denominator rectangles
are the same, this result cannot reduce. The result written in symbols can be
correctly shown in either factored or unfactored form.

Now let’s multiply two other expressions:

X+ 2 X
2x+2 x+2

Remember that we can’t cancel pieces; we must make rectangles from the
pieces on the top and bottom of each fraction, and if the rectangles have a
dimension (factor) in common on the top and bottom, then that dimension can
collapse (canceling that factor).
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We continue:
(1]

@ - collapse
[ TT] I

(x+2) X .
2x+1) (x+2) @

-

collapse

O ]

(@)

N
2x+1)

I

In this example we first factor (make rectangles on) the top and bottom of
each fraction, and then we reduce (cancel) factors common to the numera-
tors and denominators before multiplying to get the final result.

Here’s one more example:

O
O
X—x-2 X% +3x L
3x—6 xX2+6x+5
00
BN @3
00

-— collapse

x+DEx—=2) _ x(x+3)
3(x—2) (x + 1)(x+5)

=

(x+1)  x(x+3) = collapse
3  (x+1)(x+5)
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Continuing on:

collapse | H

L]

B | collapse (c—+1) - x(x +3)
3 (x+1)(x +5)

- . 1 x(x+3)

37 @+5)

x(x + 3)

= o

Multiplication of rational expressions is a process of factoring the given
numerators and denominators, and reducing by canceling like factors (di-
mensions) from top and bottom. Finally, the remaining factors are multiplied
across the top and across the bottom. The result can be left in factored form.

Exercises

Multiply the following rational expressions, canceling when possible
and leaving answers in factored form:

1 2 xX+2
" ox=2 x+5
9 x+1 x+3
T 2x+3  2x+2
3 3x-6 2x+4
T 2x-4  x-3
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10.

5x x—4
X+3 X —dx

X’ + 6x x—3

P—7x+12 3x+18

x+7 x->5

P+2x—-35 X—dr+4d

xX+2 ¥ —4x+3

¥-x-6 ' x> -5x+6

¥+5x+4 ¥ -2x+1

P43x—4 XP+7x+6

¥-x-12 x*-8x+16

3x+9 ¥*-16

x+2 x+x-2

x-2 P-4
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Section 6
Division

Dividing With Rational Expressions

Before attempting to divide using rational expressions, you may want to
review the section on dividing with fractions in Chapter 4.

The process of division with rational expressions works in the same way
as with ordinary fractions. We begin with the idea that dividing one rational
expression by another is accomplished by inverting (turning over) the
dividing fraction and then multiplying. When performing the multiplica-
tion we can reduce (cancel) as in the last section. For example, divide these
rational expressions:

X X% + 3x
x+3 = x+5
First invert the divi-
sor and change the
sign to multiply.
X xX+5
xX+3 x>+ 3x
Now multiply as before:
|
. [ TT7711]
| (x) x4 5
x+3 (x)(x+23)
O . [ TT7771717]
1 x+5
x+3 (x+3)
oo
x+5 xX+5

(x + 3)(x +3) o 2i6er+9
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It is very important to remember in these division problems that you cannot
cancel (reduce) the given fractions until you have inverted the divisor and are ready
to multiply. Remember that

% divided by% is 18, not2

Exercises

Divide or multiply as indicated:

x+2  2x+4

1. - —

x* - 3x X

X —2x ¥ —4x+4
2. + =

3x-9 x*—5x+6
3 ¥ +7x+6 x+6
) 3x+6 X +2x+1
4 ¥ +7x+6 . xX+6
' 3x+6 X +2x+1
5 20+3 3x% + 6x
2% +5x+3  xP-x-2

2x -6 ¥ —4x+4
6. > . >

X +x—-6 x°—3x
” x—2 . X -4
Tox+4 0 x+1
o 4*-1 2x+3
o2 +x 2x-1
9 x+3 ¥ -9
T ox-3 X -6x+9

2 2

10. x° =25 x*—2x—-15

P-10x+25  3x-12
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Section 7
Addition

Adding and Subtracting Rational Expressions

To understand how to add rational expressions, we must briefly review the
process of adding algebraic expressions and common fractions. When we
combine two groups into one group (what we call adding) we can only
combine the pieces that are the same size. For example, combine these pieces:

10
LI

1]

The x* pieces go with other x pieces, x’s with other x’s and units with other
units (which we call combining like terms). Pieces of different sizes must
be kept in separate groups connected by a + or — sign.

When adding fractions we must go through a process to be sure that all
the pieces we wish to combine are the same size. When adding two frac-
tions, the fractions may begin as different size pieces. For example if we wish
to add % of a unit and %5 of a unit we begin with two pieces which are
different sizes.

|
W
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We can put them side by side, but how do we write the result other than

11
— 4=
473"

Pieces of different sizes cannot combine.

1%

7

The process we go through to make both ¥4 and 5 out of pieces which are
the same size is called finding the common denominator. Here is how it is
done:

Take the unit square and divide it one direction into fourths and divide
it the other direction into thirds.

Now the unit square is divided into 12 parts, and the %4 and %3 1ook like this:

N
W |-
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We can see that ¥4 equals %12 and %5 equals %12. Rearranging the shaded
rectangles will allow us to show that the total is 7/42:

N

and

L]

1_4
3712

If we use the new method of representing rational expressions, this would

be pictured as follows:

] ]
+

— -

expand times 3 E expand times 4

expand times 3
expand times 4

@ﬁj

Section 7: Addition

Now we expand the top and bottom of both
fractions so that their denominators become
rectangles of the same size. (This is the re-
verse process of collapsing or reducing.)

W | W
=
+
> | H~
G| =

3 4

12 712

When the units (denominators) are the same,
the pieces can be combined (added together).
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Here we see that, rather than collapsing rectangles which have like dimen-
sions, we have expanded rectangles to give them like dimensions. We are
making the units the same size (same denominator) so we can combine
(add) the numerators together. If we begin with two denominators which
share no factors (like 4 and 3), then the final rectangle required for the
denominator will have each of the original denominators as one dimension
(4-3=12).

In order to add fractions together, they must both have the same denom-
inator (the same size pieces). The same requirement is true for adding
positive and negative fractions, or subtracting fractions.

In order to add fractions together, they must both
have the same denominator (the same size pieces).

Since rational expressions are simply fractions having unknown terms, this
same requirement of having common denominators also holds when we
wish to add or subtract rational expressions. To meet this requirement, we
often must expand the dimensions of the rectangles used in one or both
fractions to create denominator rectangles which are the same for both
fractions being added. For example, let’s add the following:

3
2 || [TT1
+2x

N | R

The first denominator rectangle has dimensions 2 by 1, while the other
denominator rectangle has dimensions 2 by x. To make the dimensions of
the two denominators the same, we must expand the first denominator (and
also the first numerator) to have a width of x.

expand by x —-

expand by x ——
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Now that the denominators are the same, we can put both numerators over 0
the same denominator.

(=] i

Since the numerator of this expression won'’t factor, this is our final result.

You will notice that adding two rational expressions means that they get
combined over the same denominator (into one fraction), but it doesn’t
necessarily mean that the numerator simplifies greatly in form.

Here’s another example:

+ X 1

U x+1+x+3

Expand to give like denominators:

+ x>+ 3x N x+1
| x+DEE+3) x+1D(x+3)

Combine into one fraction:

X +4x+1
(x+1D(x+3)

Since the numerator cannot be factored, this fraction cannot be reduced.
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0 We will give one example of a subtraction of rational expressions. Just like

with common fractions, a negative sign in front of a rational expression will

@ flip the chips (change the sign) of the numerator, but leave the denominator

(the size of a unit) unchanged. For example;

A
7) 7
Here is an example of subtracting rational expressions:

L TT11 .

x—2 3
X*-x-6 x-3

L]
L]
I + L]
x—2 *_—3
x+2)(x-3) x-3
x-2 S 3(x+2) e
(x+2)x-3)  (x—-3)x+2) =
x—2 -3x—-6
x+2)x-3)  (x-3)x+2)
|

xX—2+-3x-6
(x+2)(x—3)
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2x-8 - 2(x+4)
x+2)(x-3) (x+2)(x—-23)

Exercises

Add or subtract as indicated; reduce your answers:

1 §+i
L1
3

4 %+%

5. %+%

6. x-zkl_%
7 x3—x2+x41rl
8. %—%

% x3j3_%
10, 21,7
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11. 2 _x+1
2x+3 x-1

2x —4
12. Zx + >
xX“+6x x+6

3x-2 2
13. -
¥ —4x+4 x-2

x+1 X
14. +
¥-x-6 x-3

15, 23x+1 N 4
x +3x-10 x+5

16. x+3 x—1
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Section 8
Summary

Summary of the Steps

A summary of the processes involved in multiplication, division, addition
and subtraction of rational expressions is as follows:

Multiplication

¢ Factor the numerator and denominator of the expressions to be
multiplied.

e Any factors which appear in both a numerator and a
denominator cancel out.

o After canceling, multiply the remaining numerators together
and the remaining denominators together to give the numerator
and the denominator respectively of the resulting fraction.

Division
¢ Invert the divisor (the expression being divided by)
e Proceed to multiply the resulting expressions.

Addition

¢ Expand one or both fractions (top and bottom) to give both
fractions the same (common) denominator.

e Add the numerators together and leave the result over this
common denominator as a single fraction.

¢ Factor the numerator and denominator and check to see if they
have any dimensions in common which could reduce (collapse)
out.

Subtraction

e In the fraction being subtracted, take the opposite (negative) of
the numerator, and proceed by adding the fractions together.
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Exercises

Perform the indicated operations; reduce your answers:

3 x
1. x+8
” X 2x+1
Tox+2 3x
3 x2+5x+6;x+2
) 3x+15  x+5
g X212
x —4x X
xX+2 X
5. +
-4 x+1
x-2 x+1
6. 5 =
x“+4x+3 X —x-2
x—2 x+1
7. > ©
X +4x+3 x —-x-2
X 2
8. -—
x—2 X
9 ¥+6x+9 X +3x+2
) ¥ -x-2 ¥’ +5x+6
x—2 3
10. -
x+3 x-1
X%+ 3x ¥ +4x+3
11. > )
x —4x+4 X —3x+2
12. x+3+ 2x
X x-5
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